Growth of coefficients of universal Dirichlet
series

O. DEMANZE, A. MOUZE

Abstract. In this work, we study universal Dirichlet series introduced by F.
Bayart [3] and [4]. In particular we obtain estimation on growth of coefficients. We
can then compare several classes of universal Dirichlet series.

1 Introduction

Let f(s) = >_,,~; ann™° be a Dirichlet series and let o,(f) be its abscissa of
absolute convergence, defined by

oo(f)=inf{ o €R; Z |an|n™7 converges

n>1

We define also the abscissa of convergence o(f) = inf{oc € R; Y - a,n™7
converges }. We denote the p-th partial sum S,(f) = >2_, a,n"*. Let Cy be
the half-plane of complex numbers with strictly positive real part. We denote
by D,(C4) the set of Dirichlet series which are absolutely convergent on C;.
This space D,(C. ), endowed with the topology given by the following family of
semi-norms

Z apn”°|| = Z lan|n™7 (o >0),

n>1 n>1
2 p 2

is a Fréchet space. In the following, we fix & = (0% ) k>0 to be a strictly decreasing
sequence of real numbers which converges to 0. Then, the distance associated
to the Fréchet space is defined by, for f and ¢ in D,(C,),

- L =l

Definition 1.1 Let K be a compact set included in C. This set is admissible
for Dirichlet series if C\ K is connected, and if we can obtain the following
representation K = Ky U ... U Ky, where the K; should be contained in discon-
nected strips S; = {z € C; a; < R(z) < b;} with breadth strictly less than 1/2
(bz —a; < 1/2)

We denote by C_ the left half plane {s € C; R(s) < 0}. We can now express
the version of Mergelyan’s theorem for Dirichlet series included in D,(C).

Theorem 1.2 [3] Let K C C_ be an admissible compact set for Dirichlet se-
ries, let f be a Dirichlet series in Dy,(Cy) and let g be a continuous function
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[e]
on K which is analytic in K. For every couple of fized positive real numbers o
and e, there exists a Dirichlet polynomial h satisfying

sup |h(z) — g(2)| < e and ||h — fl|s < e.

zeK
We define also the following sets W,, Wy and W, of universal Dirichlet series
from D,(C,). The sets W, and W, have been yet introduced in [3] and [9]
respectively. We recall them.

Definition 1.3 We denote by W, the set of all Dirichlet series h € D, (Cy)
satisfying : for every admissible compact set K C C_, for every function g,

continuous on K and analytic in IO(, there exists a sequence of integers (Ay)n>0
such that we have

sup [y, (h)(2) —g(2)] — 0.

2K n—-+oo
Definition 1.4 We denote by Wy the set of all Dirichlet series h € Dy (Cy.)
satisfying : for every admissible compact set K C C_, for every Dirichlet series
f in Do (CL) without constant term and for every function g, continuous on K

and analytic in K, there exists a sequence of integers (Ay)n>0 such that we have

sup [Sx, (h)(2) —g(2)] — 0

2K n——4o0o

h»()\") —+> f m DG(C+).
Clearly we have the following inclusion Wy C W,,. It is well-known that W; and
W, are Gs-dense sets (see [3] and [9]).

Definition 1.5 We denote by Wi the set of all Dirichlet series h € Dq(Cy)
satisfying : for every admissible compact set K C C_, for every function g,

continuous on K and analytic in K, there exists a sequence of integers (Ay)n>0

such that we have
sup |9y, (h)(2) —g(2)] — 0.
z€EK n—-+oo

The set W, differs from W, by the fact that the intersection of the compact
sets K with the imaginary axis must be an empty set. Obviously using similar
methods W is also a Gs-dense set and we have the following inclusions W, C
W, C Wi. These three sets are analogous of the set of universal Taylor series
defined in [8], [13], [12] respectively. For survey and similar results, we can also
refer to [10]. As in the analytic case [12], we obtain first estimates on the growth
of coefficients of universal Dirichlet series (in the sense of W, ). It is Theorem
2.2. In the second hand we prove a decomposition theorem with estimates on
the coefficients for all series of D, (Cy ).

Theorem Let f = Z dn,n~? be a Dirichlet series in D,(C..). Then, there exist

n>1
g1 = Zann_s and go = ann_s in Wy such that f = g1 + go on C, with
n>1 n>1
the condition

lim sup n|a,| = limsup n|b,| = limsupn|d,|.
neN* neN neN=



This theorem is a Dirichlet version of theorem 5.1 from [12]. As a consequence,
we deduce the strict inclusion between W; and W,.

At last, in the universal set Wi, a natural question is to know whether some of
universal Dirichlet series converge and moreover are continuous on the imaginary
axis. This property is true for analytic function on the unit disk, see [12]. To
prove this, A. Melas, V. Nestoridis and I. Papadoperakis study universality on
the Banach space A(D) of analytic function on D, continuous on the torus T. To
obtain such result for universal Dirichlet series in the section 4, we have choosen
the point of view of the Wiener-Dirichlet algebra. We prove then the existence
of universal Dirichlet series which are continuous on the imaginary axis.

2 Some properties of YW, and W,.

In this section, we study the growth of coefficients of universal Dirichlet series
in W, or Wy. Note that such series converge nowhere on the imaginary axis.
Taking as K a singleton {itg}, to € R, and two different values, we see that
series diverge at every point ity. Hence its abscissas of convergence and absolute
convergence are both exactly equal to 0. We obtain a more precise result on the
asymptotic behaviour of the universal coefficients.

oo

Lemma 2.1 Let Zann_s be a Dirichlet series in Wy. Let (€,)nen be a de-
n=1

creasing sequence such that

oo

€n
Z 7nlog(n) < +o00.

n=2

Then, we have

i ol = +00
o eVen log(n)
. . - O
Proof. Let be §,, = e, for all integers. There exists ng such that Z — <
nlog(n)
n=ngo

1
—. We define the functions from iR which are 2im-periodic letting

O
nlog(n)’

1
H,(it) = %g(”)w for |t] <

H,(it) =0 for ——— < |t| < .

A 1 ™ )
We put f(m) = by f(it)ym™dt. An easy calculation gives

N 1 4
Hy(1) = 5= [ Ha(itydt =1



) = sin (n;;(mlog(m)) .

—1

nlog(n) og(m)

Let N > ng be an integer, we can approximate the Dirichlet polynomial 1 +
Z amm~° by a subsequence of partial sums of f uniformly on the com-

m—
pact set {it;t € [—3,2]}. Therefore there exists an integer M > N such that

1
<3 for all t € [—3,1]. Hence we have (R means the real

—_

5 (Z M “) . (1)

We define the convolution product f(it) = Hy, * - - - * Hps(it), where

hxg(it) = % /7T h(iz)g(it —iz)dz.

—T

Note that f is a non-negative 2im periodic function satisfying f(it) = 0 for

% < t < m. Hence, multiplying both members of (1) by f(it) and using an

integration, we obtain

M\H

ij: <am 7; f(z‘t)m“dt>.

Using the parity of f and triangle inequality we have

Z|am|x|f ).

l\J\H

Moreover, we can calculate f(m)

On
= —1
o nlog(n) og(m)
On
As (0n)nen is a decreasing sequence and the series Z ———— converges, we
nlog( )
must have lim 4, = 0. Therefore, there exists an mteger N such that we

n—-+4oo

no

——=2——1log(N) > e and oy < e. For every
no log(no)

have the following two inequalities

m € {N,...,M}, we have

1) On 1)
— _ _Jog(m) > —=2_log(N) > e and ————log(m) < 6, < dn < €.
ng log(np) g(m) = ng log(np) &(NV) mlog(m) g(m) =N



Then there exists an integer k € {ng, -+, m — 1} such that

Ok
klog(k)

Ok+1
(k+1)log(k+1)

log(m) > e and log(m) < e.

We obtain also, because the sequence d,, is decreasing,

nlog(n o 1-no k+1-mo
log( ))S(klgﬂf) )’“* §<1> .

0x log(m) e

J
Moreover (k +1)2 > (k + 1)log(k + 1) > ﬂlog(m) > e, log(m) implies
e

k+1> \/emlog(m). We obtain

—_

Z | | \/T 2~

Since this holds for infinitely many pairs (N, M), we have the conclusion. O

o0
Theorem 2.2 Let z:ann_S be a Dirichlet series in W,. Let (by)nen be a

n=1

o0
decreasing sequence such that Z = < 400. Then, we have
= nlog(n)
nla
lim sup & = +00.

neN* e\/bn log(n)

M e
Proof. Assume that there exists a real number M such that |a,| < —eV o~ 1o&(®)
n

1
" /log(n)

\/bn)2. Note that the sequence (e,)nen is decreasing. Moreover the series

for all n > 1 integer. Let w,, be max(b, ) and let be €, = (yw, +

€
Z ——"  converges due to the hypothesis on the sequence (b, ),en and the
= nlog(n)
Bertrand criterion. So, applying Lemma 2.1, we obtain

But we have for every positive integer A
A

D R e R P
En log(n ot n 6\/6" log(n)—\/bn log(n) 1 n eV wn log(n) '

Using inequality w,, > 1/4/log(n), we deduce



1 1
But the series -
N

a consequence, we have

converges which contradicts the equality (2). As

lim sup M = +00.

neN* e\/bn log(n)
[l

o0

Corollary 2.3 Let Z ann~° be a Dirichlet series in W,. Then, we have, for
n=1

every integer k,

nla,|

lim sup = +o00.

nen+ (log(n))*
Proof. Let (b,)nen be the sequence defined by

*(og(log(n)))*

> 2 b, =
=2 log(n)

oo
bn

This sequence is decreasing (for n sufficiently large) and the series _—
= nlog(n)

converges. Using Theorem 2.2, we deduce that

. nlay,| . n|an|
im sup = lim sup

n>2 oV/E2(og(log(m)?  p>2 log(n)k

= 400
(]

Remark 2.4 For the inverse inequality, we know by construction that it is

possible to build universal Dirichlet series Z a;j’®
j=1

any r < 1 (see [3]). Hence, contrarily to the analytic case [12], W, N'H? # ()

where H? is the analogous of H?(D) for Dirichlet series, see for instance [2].

satistying a; = o(j~"), for

Moreover using ideas of J.P. Kahane, we have the following proposition (see [13]
Proposition 3.2).

Proposition 2.5 Let f be a Dirichlet series in D,(Cy.). Then, there exist g1
and go in Wy such that f = g1 + g2.

Proof. We use a translation homeomorphism Ty : D(Cy) — Do (Cy) defined
by T¢(h) = f — h. As Wy is a dense G set, its image by T is also a dense G5
set. Using Baire’s theorem, Wy N [f — W;] is no void. Let g; be an element
of this intersection. It follows that g1 € Wy and g1 = f — g2 for an element
g2 € Wa. O

As for the set W, [3], there exists a relation between the set Wy and the
notion of universality in the sense of Menchoff. We donot repeat the proof, it
suffices to follow Proposition 3.1 of [13].



Proposition 2.6 Let be S = Z ann~° € Wy and let g and h be two measurable
n>1
functions from R into [—oo; +00]. Then there exists a subsequence Sy, of the
partial sums of S such that
R(Sk,, (it)) = g(t) and (S, (it)) — h(t),

m

almost everywhere on R.

3 Some properties of W;.

We recall the definition of this set.

Definition 3.1 We denote by W, the set of all Dirichlet series h € Dy(Cy)
satisfying : for every admissible compact set K C C_, for every function g,

continuous on K and analytic in IO{, there exists a sequence of integers (Ay)n>0
such that

sup [y, (h)(z) —g(2)] — 0.

2€K n—+00
As mentionned in the introduction, W, is a Gs-dense set in D, (C.). The proof
is similar of the case Wy (see [9] or remark on theorem 6 [3]). Moreover note
that such series have abscissa of convergence and absolute convergence exactly
equal to 0. To see that, it suffices to take as K a singleton {zo}, with R(z¢) < 0.
Nevertheless what happens on imaginary axis 7

Notation 3.2 In the following, we denote the set of Dirichlet polynomials with
coefficients in Q 4 ¢Q by the sequence (f;);jen. Moreover there exists a sequence
of admissible compact sets K, satisfying for each admissible (for Dirichlet series)
compact set K C C_, there exists a nonnegative integer pg such that K ¢ K 00
[9]. We denote also by ||.||, the supremum norm on K.

no

At last we put for Dirichlet polynomial P(s) = Z apn”® the degree deg(P) =
n=1

ng (an, #0).

The proposition 2.5 is also true for the sets W, . Here we give another version
of this proposition with some more conditions on the growth of coefficients.
Before this, we need a more precise version of Mergelyan’s Theorem for Dirichlet
series.

Lemma 3.3 Let K be admissible for Dirichlet series compact set included in
C_. Let also g be a continuous function on K and analytic in the interior of
K. For every pair €,0 of strictly positive real numbers, there exists a Dirichlet
polynomial h(s) = Z ha,n™?° satisfying

n>1

sup |h(z) —g(z)| < €
zeK
[[hlle <€

nlhy| <e.



Proof. We use the notations of Lemma 2 from [3] with the special case f =
0 € D,(Cy). We write K = K U---UK,, then there exists a d-tuple of positive
real numbers 07 < --- < g4 such that the following Dirichlet polynomial A

my

Z Z b(l) -—0y 75: Z h]] s

=1 j=n;+1 Jj=ni+1
satisfies sup |h(z) — g(2)| < € and ||h||, < €. The choice of n; is arbitrary (due
zeK
to [1]). Moreover, from result of [1], the modulus of the complex numbers bgl)
are upper bounded by 1. Therefore, we obtain for all j € N*

sl < GBS0 < T <yt

We just have to choose an integer n; satisfying n; 77 < ¢ to complete the

proof which is possible because the compact set doesnot intersect the imaginary
axis. We can use a translation of o > 1 such that the first part K of the
compact set satisfies o1 + K1 C {s € C; 3 < R(s) < 1}. O

Remark 3.4 Note that we use the condition K C C_ to obtain a control on
the n|h,| appearing in h(s) (from the previous lemma), which isnot possible in
the W, and W, cases.

Corollary 3.5 Let K be an admissible, for Dirichlet series, compact set in-
cluded in C_. Let also g be a continuous function on K and analytic in the
interior of K. For every pair €,0 of strictly positive real numbers and for every

strictly positive integer \, there exists a Dirichlet polynomial h(s Z hpn™*
n>1
satisfying
sup |g(s) — A7%h(s)| < e
seK
[IA"*h(s)ls <&
nAlh,| < e.

Proof. Using the notations of Lemma 3.3, for every ¢; there exists a Dirichlet
polynomial h such that sup |g(s)A® — h(s)| < e1, ||h]ls < &1 and nlh,| < ;.
seK

Therefore, we have

(ing 1) (sup late) x=*ni)]) <.

. €
We just have to choose €7 such that we have max | ———— : 1|>\S‘ jAer | <e. g
in
s€EK

We can now use main ideas from [12] to obtain the following result.

Theorem 3.6 Let f = Z d,n~?° be a Dirichlet series in D,(Cy). There exist

n>1
g1 = Zannfs and go = annfs in Wy such that f = g1 + g2 on C4 with
n>1 n>1
the condition
lim sup n|a,| = limsup n|b,| = limsup n|d,|.
neN neN neN



Proof. First, we study the case limsupn|d,| = +oo. Using Proposition 2.5,
neN
there exist g1 and g in W, C W satisfying f = g1 + g2. The conclusion is given

by Corollary 2.3.
Case limsupn|d,| < 400 : we have a countable family of pair (K,,, f;,)-

neN
Let be Ay = 1, then using Corollary 3.5, there exists Dirichlet polynomial

Pi(s) = > pran~* such that [|f,(s) = A7 Pi(s)l]p, < 1, [AT°Pi(s)lo, < 1
n>1
and nA|p1,n| < 1 (for every n € N). Let be pq > Ay + deg(P1) > A such

that limsup n|d,| —max {I|d;|; u1 > 1 > A\ + deg(P1)} < 1. Then, we define the
neN
Dirichlet polynomial R; letting

p1—1

Rl(S) = Z dnnfs — )\1—SP1(S)

n:)\l

Using Corollary 3.5, there exists a Dirichlet polynomial @Q;(s) = Z qian°
n>1
satisfying np1|q1 | < 1 (for every n € N),

|@1llo, <1 and [|fj,(s) = Rui(s) — py *Qu(s)llpy < 1.

Let Ao be integer satisfying Ao > p1 + deg(Q1) > p1 > A1 and limsupnl|d,| —
neN
max {I|d;]; A2 > 1 > p1 + deg(Q1)} < 1 and we define Dirichlet polynomial Fy

A2—1

Fi(s) = Z dpn™% — u7°Q1(s).

n=pi

We construct step by step the sequences A = (Ak)p>p and fi = (pg)>, - Assume
that we have B B

1:>\1<,u1<)\2<,u2<~~~<)\k_1<uk_1<)\k

and that the polynomials P;, @Q);, R; and F; are constructed fori =1,...,k—1.
Using Corollary 3.5, there exists a Dirichlet polynomial Py(s) = Zpk,nn_s
n>1

s 1 1
such that ||\, °Pr(s)|[s, < w2 NAE|DE | < = (for every n € N) and

k—1
£, (s) — Z (A;SPj(s) + Fi(s)) = A" Pu(s)||p, < %

—

<

Let be p, > A, + deg(Py) such that

. 1
llrses$1pn|dn| —max {I|dy|; pr > 1> A\ +deg(Pr)} < =

and let Ry be

pre—1

Ri(s) = Y dun™ — A °R(s).

n:)\k



Then, by Corollary 3.5, there exists a Dirichlet polynomial Qs Z Qe nn”°
n>1

satisfying ||Qkllo, < npk|qen| < — (for every n € N) and

1 1
k2 =

k—1
152 (5) = 3 (15°Qs(5) + By(5)) — Rils) — g " Qu(5) s < 75
j=1

Let Ag4+1 be an integer satisfying Agy1 > pp + deg(Qx) > pr > Mg and

1
hmsupn|d | — max {l|di|; Ag+1 > 1> py + deg(Qr)} <1z . We set
neN

>\k+171
Z dnn™® — p; *Qr(s).
n=pg

1 1
Since [|A°Pr(s)||s, < = and ||, °Qr(8)||o, < 72 the two Dirichlets series

Z Ay * Py (s) and Z 1y, *Qr(s) are both in D, (C) (terms with index n appear
E>1 E>1
only once, moreover the sequence & is decreasing, therefore the associed semi-

norms increases). As the Dirichlet series f is absolutly convergent on C., we
obtain the same property for the following one (disjoint sums)

0o Apt1—1
> d
k=1 n=pg
Therefore the Dirichlet series
0o Akt1—1
DA A D dan T =Y i Quls) = D (AT Pr(s) + Fils)
k>1 k=1 n=ps k>1 k>1

is an element of D,(C,). We denote this series by Zann_s. For N = A\, +
k>1
deg(Py), we have

Z ann = = AT Pi(s) + F1(s) + -+ A\p® Peci(s) + Fre1(s) + Ap* Pu(s).

n=1

Similarly, we define a second Dirichlet series from D, (C,.)

oo pr—1
D ONEP) YD dan T+ > %Qu(s) = > (Rls) 4 *Qi(s))
k>1 k=1n=X\g k>1 k>1

and we denote this series Z b,n~%. By construction, we have the relation
n>1

Yn>1 d, =a,+b,.

10



Moreover by Corollary 3.5, we know that all the coefficients which appear in the

decomposition of A, *Py(s) = Zpk,n()\kn)_s and g *Qr(s) = Z Qe (pm) —°
n>1 n>1

(denoted by (rg,n) and (sk.,) respectively) satisfy

Aent| i xn| = Aknlprn| < %
and .
Pl Sk uin| = paenlden| < 15
Hence, the coefficients of the series Z Ay S Py(s) — Zu;st(s) (denoted by
k>1 k>1

(tn)) satisfy nl|t,| — 0. Therefore, we have the following estimates

limsup nla,| < limsupn|d,| and limsupn|b,| < limsupn|d,|.
neN neN neN neN

In the second hand, for [ satisfying px + deg(Qr) < I < Ag+1, we have d; = g

and
. 1
hr:llesgllp nldy,| — max {I|d;|; pr + deg(Qr) <1 < Apg1} < =

As an easy consequence, we have limsupn|d,| = limsupn|a,|. Similarly we
neN neN
have the second equality lim sup n|d,| = limsupn|b,|. To conclude the proof,
neN neN
we have to prove that the two elements Z apn”® and Z b,n~? are both in
n>1 n>1
W;. Let K be an admissible compact set in C_ and A be a continuous function
on K, analytic inside the interior of K. For every ¢ > 0 and v € N, we want to

find N > v such that
N

h(s) — Z apn”?®

n=1

sup <e.

sEK

There exists a sequence f (A =1,2,...) such that
5

sup |h(s) = £ <
sEK

Moreover, there exists a sequence (p,),>0 such that K C K, and we can
consider the set {(Kp, At+q9;qeQ0<g< i} to conclude as in Proposition
5.5 [12] O

Corollary 3.7 We have the strict inclusion W, G Ws.

1

Proof. It suffices to apply Theorem 3.6 with d, = —. Corollary 2.3 implies
n

that g1 and g» cannot be in W,. O

In the universal set Wi, a natural problem is the existence of universal series
which converge and moreover are continuous on the imaginary axis. In case of
Taylor series this existence is proved by the study of universality on the Banach
space A(D) of analytic function on D, continuous on the torus T [12]. In the
next section we give also in the Dirichlet case a positive answer introducing
universal series in the Wiener-Dirichlet algebra.

11



4 Universality in the Wiener-Dirichlet algebra.

4.1 Preliminary results.

The classical Wiener algebra of absolutely convergent Taylor series in one vari-

—+o0 —+oo
able is the set of functions f(z Z anz™ such that Z lan| < +oo.
Similarly, we can define Wiener-Dirichlet algebra, denoted in the following by
“+oo
D, A Dirichlet series f(s Zan ~% is in this algebra if ||f|| = Z lan| <
n>1 n=1

+00. Endowed with this norm, D,, is obviously a Banach algebra. These two
algebras are not completely similar. In effect, it is well-known that the spectrum
of the Wiener algebra is D, the closed unit disk. For the Wiener-Dirichlet
algebra using the classical Bohr point of view [5], we can prove that its spectrum
is D, At last, we can easily remark that this Wiener-Dirichlet algebra is a
subset of D, (C+).

Definition 4.1 We denote by U,,q the set of all Dirichlet series h € D, sat-
isfying : for every admissible compact set K C C_ and for every function g,

[e]
continuous on K and analytic in K, there exists a sequence of integers (Ay)n>0
such that we have

sup [y, (h)(2) —g(2)] — 0.

2€K n—-4o0o

After giving a version of Mergelyan’s theorem, we give relations between the
set Uy,q and subsets of D,, realising the given estimations with Dirichlet poly-
nomials. In the second hand, we prove that these subsets are opened and that
their union is dense. We conclude using category type arguments. The methods
are now classic to obtain analogous results (see [13], [6] or [8]) in the spaces of
analytic functions.

As a consequence of main result, we obtain information on the universal set
Wi defined below. Moreover, we precise the strict inclusion W, & Wj. So let us
begin with a version of Mergelyan’s Theorem for the Wiener-Dirichlet algebra.

Proposition 4.2 Let K be admissible for Dirichlet series compact set included
in C_. Let also g be a continuous function on K and analytic in the interior of
K. Let also be f € D, Then for every strictly positive number €, there exists

a Dirichlet polynomial h(s Z hpn™° satisfying

n>1

sup |h(s) —g(s)| < e
seK

| — fl| <e.
Proof. We use the notations of Lemma 2 from [3] with the special case f € D,,.
We write K = K; U -+ U Ky, with K; C {s € C;a; < R(s) < b;}, where
0>by>a; >by...bg > aqgand b; —a; < 1 . We will use d-times the Bagchi’s

result. We approximate simultaneously f(s Zann %, and g on Kj. Let

12



o1 > 1 such that Ky + 0y C {s € C; 3 < R(s) < 1}. Let be ny € N such that

|

(]
:éH
| ™

n>n1+1
ny
S| €
sup | f( )—Zann < -
seKy n=1 2

Then, we follow the construction of F. Bayart for Ko U --- U Ky. Hence, we
obtain a Dirichlet polynomial

Zann S ST
n=1

=1 n=n;+1

And, let us prove that h satifies the wanted inequalities. Indeed, we have

c d my |b51l) c +o0
h=fll<S+Y > PH<s+ Y - <e
n=ni+1

=1 n=n;+1

The second inequelity follows from Lemma 2 of [3]. O

Remark 4.3 In this version of the Mergelyan’s Theorem, we donot allow that
the compact sets have a nonempty intersection with the imaginary axis. This

restriction allow us to take o = 0 in the version of F. Bayart. In effect, we need
+o00

to have o1 > 1 to obtain a convergent series Z Jj 7% (see Lemma 3.3).
j=1

In the following, we use notations 3.2. We have easily the following lemma.

Lemma 4.4 The family of Dirichlet polynomials (f;);jen is a dense set of D,,
and for the topology of the uniform (on every compact set) convergence.

Definition 4.5 According to the preceeding definitions, for all positive integers
0, 7,m, s we define the sets Oy (p, j,s,n) C Dy by

1
Ouw(p,j,s,n) = {g € Dy, such that sup [S,(9)(z) — f;(2)] < s}'
z€K,

With these sets we have a complete representation of Uy,gq.

Lemma 4.6 We have the following equality

+oo +00 +oo +oo

Z/{u;d - n ﬂ ﬂ U Ow(pvj’svn)'

p=175=0s=1n=1

Proof. Let g be a Dirichlet series D,, of the righthand-side set. Let K C C_
be an admissible compact set for Dirichlet series and ® : K — C be continuous

13
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function on K and analytic in K . For all € > 0, we just have to find an integer
ng € N such that we have

sup [ S, (9)(2) — @(2)| <e.
zeK

Using Proposition 4.2, there exists a Dirichlet polynomial p satisfying
€ €
sup [p(z) — B(2)] < = and [lp— hl| < .
zEK

The inequalities allow us to conclude. The inverse inclusion is obvious. O

4.2 Main results.

We prove first that each set U Ouw(p, j, s,n) is opened. Obviously, we just have
n>1

to prove that O, (p, j, s,n) is opened. Then we can conclude on the universality

of the set Uy,q.

Proposition 4.7 For all j, s, n and p positive integers, the subsets Oy (p, j, $,m)
are opened in D,,.

Proof. We denote by M the lower boundary of the real parts of complex num-
bers included in K,. Let g(z) = Zj>1 g;7~% be a Dirichlet series in O,,(p, j, s, 1),
which means that we have a

1
sup [Sn(9)(2) — f(2)| < —.
z€K, S
Let 1 be the following stricly positive real number :

er=n" (1 — sup [Sn(g)(2) —fj(Z)|> >0

S ze€K,

Let h=3_,, h;jj~* be an element in D,, such that |[h — g[| < 1. Now, we can
overestimate |Sn(h)(2) — fj(2)]. One has for z € K,

1Sn(h)(2) = fi(2)| < [Sn(h —9)(2)] + [Sn(9)(2) — f;(2)]

< [Sn(h = g)(2)[ + sup [Sn(9)(2) = fi(2)]

z€K,

n
Afterwards, if we denote S, ( Z (hj —g4)j~ 7, we have

j=1

0= (&) < 30y = g™ <0 =g}
Consequently, one has for z € K,
S0~ fiE < —gll+ s ISu(0)C) ~ £(2)
<0 Mey 4 sup [Su(9)(2) — f(2)] < ~.

2€K,

Therefore, the set O, (p, j,s,n) is open. O

14



Theorem 4.8 With previous notations, for all j, p and s integers, the sets

U Ouw(p,j,s,n) are dense subsets D,,.
n>0

+oo
Proof. Let d € D,, be written d(z) = Z a;j~*. We want to obtain a sequence
j=1

of Dirichlet polynomials which converges to d. Let be & €]0; 3-[. We denote by

T
d,(z) the partial sum Z a;j~* and we choose r such that ||d—d,|| < . Now, we

j=1
o0

approximate the Dirichlet polynomial d, with an element in U Ouw(p,j,s,n),

n=0
with an index j in N. According to Proposition 4.2, for all m > 0, there exists

a Dirichlet polynomial p,, satisfying the following inequalities

1 1
sp [pm(2) = f5(2)] < — and [|pm — di]| < —.

For all m > s, the Dirichlet polynomials are in U Ouw(p,J,s,n) and we have

n=0

1

lpm —dl| < e+ —.

m

The conclusion follows. O

Theorem 4.9 The set U,y 1s a Gg-dense set included in D,,.

Proof. Lemma 4.6 implies that U, is a denombrable intersection of dense
opened sets of D,,. Hence, the result is a direct consequence of the Baire’s
theorem. 0

As a straightfoward consequence of the preceeding theorem, we obtain the
following explicit result of approximation.

Corollary 4.10 Let f be in D,,. Then, for all € > 0 and v, continuous on K

(admissible compact set of C_) and analytic in K, there erists a sequence of
integers (An)n>0 and a Dirichlet series h € D, satisfying

lh—fll <e

sup 83, (W)(2) — (=) — 0
ZEK n—-—+0oo

Remark 4.11 The universal set U,,q is dense in D,,. Obviously, the property
is also true in D, (C;.). Every Dirichlet series of U,,q converges on the imaginary
axis and is continuous on this set. Moreover we have obviously U,,q C Wj.

Corollary 4.12 We have the inclusion W, C (W1 NUS ;) -

Proof. Every function from W, converges nowhere on the imaginary axis.
Therefore we have W, N Uyq = 0. O
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